DYNAMICAL TWISTS IN GROUP ALGEBRAS 



PAVEL ETINGOF AND DMITRI NIKSHYCH 



Abstract. We classify dynamical twists in group algebras of finite groups. 
Namely, we set up a bijective correspondence between gauge equivalence classes 
of dynamical twists (which are solutions of a certain non-linear functional 
equation) and isomorphism classes of "dynamical data" described in purely 
group theoretical terms. This generalizes the classification of usual twists 
obtained by Movshev and Etingof-Gelaki. 



1. Introduction 



In the last few years, following the pioneering paper the theory of quantum 
groups has developed a new branch ~ the theory of dynamical i?-matrices and 



dynamical quantum groups (see |E£] for a review). In this theory, there is a useful 



notion of a dynamical twist, which was perhaps first introduced in [BBB 



Namely, let iJ be a Hopf algebra over a field k, and A be a finite Abelian 
group of group-like elements of H. A dynamical twist is an A-invariant function 
A* ^ H ® H , which satisfies a certain nonlinear functional equation (the so-called 



dynamical non-abelian 2-cocycle condition), see Definition 2.3 



If A is trivial, a dynamical twist is just an ordinary twist, in the sense of Drinfeld 
(see, e.g., Q). Thus, the notion of a dynamical twist generalizes that of a usual 
twist. 

The significance of the notion of a dynamical twist consists in the fact that given 
a dynamical twist J(A), one can endow the algebra 7J (8)Endfcfc[A] with a nontrivial 
structure of a weak Hopf algebra (see [EN|), which is quasitriangular if so is H. 
This is done using "twisting" of H by J, which is a procedure analogous to usual 
twisting of Hopf algebras. In particular, for a quasitriangular H with the i?-matrix 
7?., the function TZ{\) — J^^{X)^^TZJ{X) is a dyna mica l i?-matrix, i.e., it satisfies 
the quantum dynamical Yang-Baxter equation (see ES|). 

In this paper we classify dynamical twists in group algebras of finite groups 
over an algebraically closed field k of characteristic zero. Since group algebras are 
trivially quasitriangular, all such twists give rise to dynamical i?-matrices. Our 
classification generalizes the classification of usual twists in group algebras, which 
was done in |EG|, following closely the paper |Mc]. 

Namely, let A be an abelian subgroup of a finite group G. A dynamical datum 
for (G, A) is a subgroup K oi G together with a family of irreducible projective 



representations of K satisfying a certain coherence condition, see Definition 4.5 
Our main result is the following 



Theorem |6.6| . There is a bijection between 

(i) gauge equivalence classes of dynamical twists, J : A* ^ k[G] k[G], 

(ii) isomorphism classes of dynamical data for (G, A). 
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The structure of the paper is as foUows. 

In Section 2 we recall the definitions of a dynamical twist and dynamical gauge 
equivalence. 



In Section 3 we use the idea of Movshev |Mc] to associate a family of semisimple 
algebras and bimodules with every dynamical twist. Here we also define the notions 
of minimal and minimizable dynamical twists. 

The concept of a dynamical datum for a pair (G, A) is introduced in Section 4. 

The main result of Section 5 is Theorem |5.3| which shows that every dynamical 
twist gives rise to an isomorphism class of dynamical data in such a manner that 
gauge equivalent twists give the same class of data. 

The converse to this theorem is provided in Section 6, where we employ the 



exchange construction of |EV| to construct a gauge equivalence class of dynamical 



twists from a dynamical datum. The correspondence between classes of twists and 



classes of data is shown to be bijective in Theorem |6.6| which is the central result 
of this paper. Next, we explicitly construct an exampl e of a dynamical datum 
leading to a non-minimizable dynamical twist (Example |6.9| ) - which is a purely 
"dynamical" phenomenon, that does not exist for usual twists. We also explicitly 
compute a family of dynamical twists in the group algebra of the group k Fp 



of affine transformations of the line over the field Fp of p elements (Example S.IO). 

Finally, in Section 7 we present a construction of minimal dynamical twists in 
group algebras of finite nilpotent groups. Our technique here uses the exponential 
map for nilpotent Lie algebras over finite fields and a result of Kazhdan Q . 

We expect that the methods of this paper can be applied to constructing and 
classifying dynamical twists in universal enveloping algebras and, in particular, to 
reproving and possibly improving the main result of stating that a splittable 
triangular dynamical r-matrix can be quantized. This is a subject of our future 
research. 

Acknowledgments. We are grateful to R. Guralnick for providing us with Ex- 



ample |6J|. The authors were partially supported by the NSF grant DMS-9988796. 
The first author's work was partially done for the Clay Mathematics Institute. The 
second author thanks MIT for the hospitality during his visit. 

2. Dynamical twists in Hopf algebras 



In this section we recall the definition of a dynamical twist | BBB . 

Let iJ be a Hopf algebra and A be a finite Abelian subgroup of the group of 
group-like elements of H. Then k[A] — Map{A* , k) is a commutative and cocom- 
mutative Hopf subalgebra of H. Let P^, /i G A*, be the minimal idempotents in 
k[A] corresponding to characters of A. 

Definition 2.1. For any left iJ- module X and character ^ ^ A* define a weight 
subspace 

(1) ^[lA = {x E X \ ax = iJ.{a)x, for all a G A}. 

Definition 2.2. We say that an element x e n > 1 has zero weight if a; e 

iy®"[0], where H®^ is viewed as a left i?- module via the adjoint action; in other 
words, if X commutes with A" (a) for all a G A, where A" : k[A\ fc[A]®" is the 
iterated comultiplication. 
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Definition 2.3. Let J(A) -.A* H ® H he a. zero weight function with invertible 
values. We say that J(A) is a dynamical twist in H if it satisfies the following 
functional equations 

(2) J^^'^\)J^\\-h^^'>) = J^^^\\)J^\\), 

(3) (£®id)J(A) = (id®e)J(A) = 1. 

Here J^'^''^{\) = (A (g) id) J(A), J^'^{\) = J(A) ® 1 etc. The notation A ± /i**) means 
that the argument A is shifted by the weight of the i-th component, e.g., J(A — h'^^^) 
is the element oi H ® H ® k[A\ such that /i3(J(A — h^'^'>)) = J(A — /i), where the 
index i in /i^ indicates that /i is applied to the ith component. 

Remark 2.4. There are two other versions of the dynamical twist condition that 
appeared in the literature : 

(4) jl2.3(A)jl2(A + /i(3)) = J1.23(A)J23(A), 

(5) J^^'\\)J^\\ + h^''^) = jl-23(A)j23(A-/i(l)). 

Note that (Q) is obtained from equations and (H) by the changes of variable 
A ^ —A and A ^ A + h'^^^ + /i'-^) respectively. 

Definition 2.5. If J(A) is a dynamical twist in H and t{X) : A* ^ H is a, zero 
weight function with invertible values such that e{t{\)) = 1, then 

(6) J*(A) = A(t(A)-i) J(A) (t(A - ^ ^(A)) 

is also a dynamical twist in iJ, gauge equivalent to J(A). The function t(A) is called 
a gauge transformation. 



Remark 2.6. Note (|ES|, Appendix C) that a dynamical twist J(A) on H is com- 
pletely defined by its value J(Ao), at any point Ao G A*. Indeed, from Equation (||) 
we have 

(7) J(Ao - m) = A*3(J'''='(Ao)-Vi'23(Ao) j23(Ao)), 

for all ^ e A*. 

Remark 2.7. Let = fc[G'] be a group Hopf algebra and J ^ H^H he an invertible 
element with the properties (e ® id) J = (id (g) e) J = 1 and 

^ jl2,3)-l jl,23 j23 g f^^Q^ ^ ^jgj ^ ^j^j^ 



Then one can check by a direct computation (|ES|, 12.1) that 

(8) J(A) = -A3((jl2'3)-ljl.23j23)^ 

is a dynamical twists in i?. 



Remark 2.8. If A = {1} then the definition of dynamical twist coincides with the 
usual notion of twist introduced by Drinfeld. 
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Example 2.9. If _ff = k[A], then H is commutative and can be identified with 
the algebra of functions on A*. Let P^, ^ G A* be the minimal idempotents of 
H. Let c : A* X A* ^ k'"- be any function such that c(A, 0) = c(0, A) = 1. Then 
J — V "-(M: ^ satisfies the conditions of Remark 2.7 and hence 

(9) J(A) = ^ c(/i + V, -X)-^ c{n, iy~X) c{v, ~X)P^ (g, P^. 

is a dynamical twist. Furthermore, every dynamical twist in k[A\ is of this form by 
Remarks 2.6 and 2.7. 

In fact, it turns out that in this case J(A) is always gauge equivalent to the 
constant twist 1 (g) 1. Namely, consider a gauge transformation 

(10) t(A) =^ c(a.,-A)P^, AG a*, 

then J(A) = A(i(A)-i)(t(A - /i^^)) ® i(A)). 

3. Algebras B\ associated with a dynamical twist 

From now on let H = k[G], the Hopf algebra of a finite group G, then A is a 
subgroup of G. Define fc[G/A] to be the quotient of k[G] by the left ideal generated 
by the elements (a — 1), a G A. 

For any A G ^* let us define a comultiplication and counit on /c[G/A] as follows 

Ax{g)^{g<E>9)J(X), £a(5) = 1, 

for all cosets g G G/A. Note that since J(A) has zero weight, the above operations 
are well-defined. 

Proposition 3.1. G\ = {k[G/A],A\,sx) is a coassociative G-coalgehra (where G 
acts via the left multiplication) with counit. 

Proof. It follows from the dynamical twist identity (|^) that 

(11) (A ® id) J(A)(J(A) ® 1) = (id ® A) J(A)(1 ® J(A)) in k[G] k[G] ® k[G/A] 
which implies coassociativity of Aa. The counit axiom is obvious. □ 

Let B\ be the associative algebra dual to G\ . Then B\ can be naturally identified 
with the algebra f o [G] of all functions on G invariant under right translations by 
elements of A with multiplication given by 

(12) fi*xf2{g) = fi®f2{{g®g)J{\)), 

for all /i; /2 G Fo{G) and g ^ G. It is a left G-algebra with the action of G given 

by 

(13) hof{g)^f{h-'g), 
for aU / G Fo[G] and h, g G G. 

Remark 3.2. If t(X) is a gauge transformation then coalgebras C\ and G^ (resp. 
algebras B\ and B\) corresponding to J(A) and J* (A) are isomorphic via 

(14) c^ctiX), ceCx, ( resp. /(.g) /(5t(A)), /gSa,5GG). 

The statement and proof of the next Proposition are analogous to ( [|lVIo|] , 7). 

Proposition 3.3. Bx is a semisimple algebra (equivalently, G\ is a cosemisimple 
coalgebra) . 
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Proof. Suppose B\ is not semisimple and let / be the maximal non-zero power 
of its radical. Then / is G-stable and for all 2:1,22 G I and /ii,/i2 G G we have 
{gi o zi)[g2 o Z2) = 0. The last condition is equivalent to 

<Aa(c), {gi o zi) ® {g2 o Z2)> = 

for all c G C\. In particular, we have 

<(ffl ® 52) J(A), 21 ® 22> = <(gi ® 52)Aa(1), 21 ® 22> = 0, 

but since J(A) is invertible in fc[G]®^, the elements (51 (S)52)</(A)( mod A) span 
k[G/A], so that 21 = 22 = 0, which is a contradiction. □ 

Proposition 3.4. G acts transitively on the set X\ of minimal two-sided ideals of 
B\ . In particular, all minimal two-sided ideals of Bx have the same dimension. 

Proof. Since B\ — Fq[G\ as a G-module, the space of G-invariant elements of Bx 
has dimension 1. For any orbit of G in Tx the corresponding central idempotent of 
Bx is G-invariant, so there is a single orbit. □ 

For every ^ ^ A* consider the space -F)j[G] of all functions on G of weight /i, 
F^[G] {/ e F[G] I f{ha) = f{h)^i{a), a^A,heG}. 

Proposition 3.5. -F)j[G] is a G-equivariant Bx-^ — Bx himodule via 

f°Ug) = /®/m((5®5)./(A)), f e Bx-^, f^ e F^[Gl 
Uof'ig) = U^f'{{9®9)JW), r e Bx, f^ e F^[G]. 

The actions of Bx-^ and B°^ are faithful. 

Proof. First, we check that Fp[G] is a left BA-/i-niodule and right BA-module. 

For all /i, /2 e -Ba-/j we have, using the definition of F^[G] and dynamical twist 
equation (||) : 

/i°(/2%)(5) = ,/i®/2®/m((5®5®5)J''''(A)J''(A)) 

= ,/i ®f2® fMd ® 5 ® 5)^''^'(A) J''(A - fi)) 
= {f I * \- f 2)0 f^,{g). 

Also, for all /{, /2 G Bx we have : 

(/M°/0°/2(ff) = /m®/(®/2((5^5^5)J''''(A)J^'(A)) 
= f^.®f'l® /2((5 ®g® g)J'-''WJ''W) 

= Uo{f[*xf'2){9)- 

It is immediate from Equation ( pi] ) that the actions of Bx-^ and Bx commute. 

To prove that the action of Bx-^ is faithful suppose that f o f^ — Q for some 
/ e Bx-^ and all e -F)j[G]. Then J(A) being invertible implies that f ® ffj. is 
identically equal to on fc[G]'*^, so that / = 0. The proof for the other action is 
completely similar. □ 



Proposition 3.6. All algebras Bx are isomorphic to each other. 
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Proof. By Proposition 3.4 all simple BA-modules have the same dimension, which 
we will denote ^a- 

Suppose d\ > dfj_ for some A, ^ G A*. Let A^^ — diiuk Fo[G]/d^ be the number 
of non- isomorphic simple _B^-modules and Ui, i — 1, . . . , iV^ be the multiplicities 
with which they occur in the decomposition of F^_a[G]. By Proposition |3^ B"^^ 
is isomorphic to a subalgebra of the centralizer of in Endfci^^_A [G]. But 
Cfj, — (Bi Mrn{k), therefore > c^a for alH = 1, . . . , N^^. Then we have 



dimfc Fo[G] = 2^ n,d^ > N^dxd^ > N^f, = dim^ Fo[G], 

i 

which is a contradiction. □ 

Corollary 3.7. -F)j[G] is isomorphic to the left regular B\^^-module and to the 
right regular B\-module. In particular, -Ba-/j is naturally identified with the cen- 
tralizer of B°^ in End/j(_F)t[G]). 



Proof. In the proof of Proposition 3.6 we must have Ui = d^, i.e., every simple 



-BA-niodule has the multiplicity equal to its dimension. □ 

Proposition 3.8. For all A, /i, G A* the map 

Pl.-F^,[G] ®B,F,[G]-^F^+,[G] 

defined by ^I^Mf^^^ fM = U® fu{{9®9)J{X + i^)) for all f^ G F^[G], G F,[G], 
and g € G is an isomorphism of G-equivariant B\^^^ — -Ba+i^ bimodules. 

Proof. To show that each (3^^^ is well-defined, we compute 



®f® fuiig ® 5 ® 9)J'^'H^ + ^) J''(A)) 



— .In 

= f^.®fofu{{g®g)J{\ + v)) 

for all / G B\. The third equality above uses Equation (||). It is clear that /J^j^ 
is a G-module homomorphism. To see that it is invertible we first observe that 
from Corollary we have dim^ [G] ®Bx Fu[G]) = |G|/|yl|, so that the map in 
question is between spaces of the same dimension. So it suffices to show that it is 
surjective. But the range of 0^^, clearly coincides with the range of the map given 
by the composition of the right translation by J(A) (which is surjective since J(A) 
is invertible) and the usual multiplication map F^ [G] ® F^ [G] Ff^+„ [G] (which is 
surjective because there are invertible functions in each Fp[G]). □ 

Definition 3.9. We say that a dynamical twist J(A) is minimal if B\ is a simple 
algebra for some (and hence for all) X E A* . 

Remark 3.10. (i) The property of J(A) being minimal is invariant under gauge 
transformations . 

(ii) If iiT is a subgroup of G containing A and J(A) : A* — > A:[iir]^ is a dynamical 
twist, then it is obviously a dynamical twist in k[G] which is minimal if and 
only if if = G and J(A) is minimal in k[K]. 
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Definition 3.11. A dynamical twist J(A) in k[G] is said to be minimizable if there 
exists a subgroup K oiG containing A and a minimal dynamical twist J' (A) : A* 
k[K]®k[K] such that J(A) is gauge equivalent to J'(A), where the latter is regarded 
as a dynamical twist in k[G]. 



As it was shown in |EG|, all twists are minimizable if A = {!}. On the contrary, 
it is not always the case for A ^ {!}, moreover, it is not always true that A is 
conjugate to a subgroup of K, see Example 5.9. Also, J(A) is not necessarily 
minimizable even if A = K, see Example 5.10. 



4. Projective representations and dynamical data 

Definition 4.1. Let c : G x G ^ be a 2-cocycle on G and F / be a vector 
space over k. A projective representation of G on with cocycle (Schur multiplier) 
c is a map tt : G ^ GL{V) such that TT{g)Ti{h) — c{g, h)Ti{gh). A projective 
representation tt is linearizable if c is a coboundary and linear if c = 1. It is 
irreducible if 7r(G) generates EndfeV as a vector space. 



Definition 4.2. A projective isomorphism of two projective representations tt : 
G GL{V) and tt' : G — > GUV') is an invertible fc-linear map (j) : V —> V such 
that 

(15) Tr'{g)o(j) = a{g)(t)OTT{g), geG 

for some function a : G ^ k. 

It is clear that a takes values in fc^ and that it is uniquely defined by 0. The 
cocycles of tt and tt' differ by the coboundary a{g)a{h)a{gh)~^ . 

Definition 4.3. Wc will call a the multiplier function for (j). 



Remark 4.4. (a) Every projective representation of G descends to a homomor- 
phism G PGL{V) to the projective linear group of V . 

(b) Let Vi, i = 1,2, be projective representations of G. Then V1OV2 is a projective 
representation of G in the obvious way. If the cocycles of Vi and V2 are the 
same, then Vi (B V2 is also a projective representation of G. 

(c) For every 2-cocycle c on G there exists a canonical central extension G of G 
by a subgroup L of fc^ in which the cocycle c takes values : 

(16) 1 — >L — >G-^G — >l. 

Explicitly, the multiplication in G is given by {g, x){h, y) — [gh, c{g, h)xy), 
for all g,h dz G and x,y G L. Any projective representation tt : G — > GL{V) 
with Schur multiplier c canonically lifts to a linear representation tt : G ^ 
GL(V), via TT{g,x) = xTT{g). In this linear representation tt the elements of 
L C k^ act on V by scalar multiplication. 

(d) Projectively isomorphic representations of G with the same Schur multiplier 
are not necessarily isomorphic as linear representations of G even for c = 1. 
For example, any one-dimensional representation x '■ G —>■ k^ is projectively 
isomorphic to the trivial representation of G. 

We are ready to define the main object of this paper. 
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Definition 4.5. A dynamical datum for a pair {G,A) consists of a subgroup K of 
G and a family of projective irreducible representations ttx : K ^ GL{V\), A G A*, 
such that Va-/i 0$ T^a* linear and 

(17) Ind^(FA®y,%)-Ind2/x 
for aU X,fieA*. 



Remark 4.6. Note that Definition il in particular implies that the 2-cocycles 
(Schur multipliers) of all V\s are equal, so that there is a canonical common central 
extension 

(18) 1 — > L — > K — > K — >1, 

linearizing all tt^, A G A*. 



Proposition 4.7. For any dynamical datum, V\ and are non- equivalent repre- 
sentations of K for A ^ /i. 



Proof. From Definition 4^ we have 'RoTa^{V\, ® X) = X[\ — ^] for any G 



module X (regarded as a if-module on which the kernel L acts trivially), where 
X[X\ C X is a weight subspace of X defined in 2.1. Taking the trivial G-module 
X = /c we get Hom|j(yA, V^) = 0. □ 



Remark 4.8. Nevertheless, V\ and y^, A ^ /i, can be projectively isomorphic as 
projective representations of K, e.g., when they are 1-dimensional. 



Definition 4.9. Let K and K' be two subgroups of G. An isomorphism of dy- 
namical data [K, {V\ | A e A*}) and {K' , {V^ | A e A*}) is an element g e G 
such that Adg K = K', where Adg is the adjoint action of g on G, and a family of 
projective isomorphisms (l)x ■ V\ ^ V^, X G A* of projective representations wx and 
TT^ o Adg, having the same multiplier function a(h) = a\{h), h G K . 



Definition 4.10. A dynamical datum is called minimal ii K ~ G. 



5. A DYNAMICAL DATUM DEFINED BY DYNAMICAL TWIST 

In this section for every dynamical twist J(A) we define an isomorphism class of 



dynamical data, cf. Definitions 4.5 and kl.9. We use the notation of Section 3. 



Proposition 5.1. Let X\ he the set of minimal 2-sided ideals of B\. There are 
isomorphisms of G-sets :X\ X^^ such that t\^^ o t^^ = t\^. 

In other words, we can simultaneously identify all X\ 's as G-sets, X\ = X. 

Proof. Observe that a decomposition of F^-\[G\ into the sum of simple — B\- 
bimodules establishes an isomorphisms of G-sets r^^ : Xx X^^. But the relative 
tensor product of bimodules i^^_A[G] and _Fx_^[G] is isomorphic to _F),_^[G] by 



Proposition 3.8, whence the composition rule of t's follows. □ 



Thus, we can canonically identify stabilizers of points of Xx. Let us fix a point 
i G X and let iiT C G be the stabilizer subgroup of i and B\ C Bx be the minimal 
ideal in Xx corresponding to i. Let Vx be a (unique up to an isomorphism) simple 
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_B^-niodule, then K acts on End^Vx by automorphisms and we can choose an 
irreducible projective representation 

(19) : if ^ GL{Vx) 

such that the action of 17 G if is given by Ad^^^^ (g) . 



Proposition 5.2 (cf. |Mc], 8). Projective representations tt\ are irreducible. 

Proof. We need to show that the space of if -invariant elements of B\ has dimension 
1. Any such an element injectively corresponds to a G- invariant element of B\, 
but the latter is equivalent to fc[G'/A] as a left G-module, for which the space of 
invariants is 1-dimensional. □ 

Observe that the if-equivariant B^^ — B^ bimodule = B^^Fu^f^[G\Bl is such 
that F,_^[G] ^ k[G] ®k[K] Fl,, i.e., Ind|i^;, ^ Ind^(/i - v). 

Theorem 5.3. Every dynamical twist J(A) : A* ~> k[G] ® k[G] defines an iso- 
morphism class of dynamical data. Moreover, any two gauge equivalent dynamical 
twists J(A) and J(A) define the same isomorphism class of data. 

Proof. Given a dynamical twist J{X) fix a point i G X and a subgroup if C G as 
above. Consider the corresponding algebras B\ and B\ — B^^ bimodules F^^ and fix 
simple i?5^-modules V\ :— V^. Let p\\ : F\\ End^VA be the isomorphisms iden- 
tifying if -algebras and choose bimodule isomorphisms : F\fj_ V\ ^ V* . Let 
ShA^(g) denote the action of g G if on F^^ C F^_a[G] by shifts, cf. Equation (|l3|). 
For every A choose an irreducible projective representation ttx : K ^ GL{V\) such 
that 

(20) 7rA(<?) ® TT^ (<?)"' = Paa ° ShAA(<?) o pAA. 

Then for aU x e Fl^, f e BIJ' e B^ we have 

{rx, o ShA^(5)-i o p^l){7rx{g) ® 7r;{gr'){f o x o f ) = 
= / o (pam ° ShA^(g)"^ o 1) o (7rA(5) ® ■K* {gy^)x o /', 



i.e., (pa^ ° ShA^(5) ^ o p^^) o {TT\{g) ® tt* (g) ^) commutes with the action of B\ < 



[B^fiT^ pi^^_ Therefore, by Schur's Lemma, 
(21) T^\{g) ® 7i"*(.g)"i = 7Am(5)Pam ° ShAM(5) ° Pa^ 

for some functions 7a^ : K ^ . By Proposition |3.8^ F^^ FJj^^ = F^^ as 
if-equivariant bimodules, whence J\p,{g)jfj.,^{g) — 7ai/(<?) for all \,p,,v. Replac- 
ing TT\{g) by a projectively isomorphic representation 7r^(g) = a\{g)'K\{g), where 
^A(5)~^a/j(<?) = 7A/i(<?), we obtain a collection of irreducible projective representa- 
tions TT^ of if such that Vx V* is linear and induces F^^\[G] = Indj5[(A — /i), i.e., 
a dynamical datum for (G, A) . 

Let us show that gauge equivalent twists define isomorphic dynamical data, for 
any choice of projective representations tta. This will imply, in particular, that the 
isomorphism class of a dynamical datum we have constructed above is well defined. 

Let J(A) be a dynamical twist in k[G] gauge equivalent to J(A) via a gauge 
transformation t{X). By Remark 3.2 the map t\ : f(g) 1-^ f{gt{X)) defines an 
isomorphism between the corresponding G-algebras i^A and i?A- This establishes 
a bijective correspondence between minimal ideals of B\ and B\ of these algebras 
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and allows to identify their stabilizers, so we can assume that both J(A) and J(A) 
define the same subgroup K. 

Let F^^ be the corresponding B\—B'^ bimodules. Fix vector spaces V\ := VI and 

identify X- algebras B\ and EndfeVx- Choose isomorphisms p\fj_ : F^^ ^ Vx fS) V* 

of bimodules, and projective representations ttx '■ K GL{Vx) such that 

^A(g) ® T^Ugy^ = Pxl ° ShAA(.g) ° m, 

where Sh^ACff) denotes the action of g on F^^. Arguing as above, we get functions 
jXfiig) and axis) such that 

(22) nx{g) ^ n^ig)-^ ^ 7Am(3)/5v ° ° Pa^^ 

and ir'^ig) = ax{g)Trx{g) (where oa (5)0^(3)"^ = 7AM(ff)"^) make Fa ® F^* linear. 

Isomorphisms between simple if-algebras B\ and B\ yield projective isomor- 
phisms 4>x (defined up to scaling) between tta and tta, A G A*: 

(23) *a(.9)o0a =aA(5)0AO7rA(5), g £ -fiT, 

for some multipliers ax : K ^ . 

Comparing Equations (pl|) and (03) and using (ESh we conclude that 



7AA.(g) ^ QA(ff) ^ ^ ^ 

7Aa.(5) OL^{g)' 

We have 7f^(g) o 0a = a'x{9)(t>\ ° T^'xig), where a^(g) = aA(g)f^ and 

«A(g) ^ «a(.9) aA(g) QA'Cg) ^ 
ot'fj.ig) a^,{g) a^{g) ax{g) 

so that all multipliers a'^ are equal, i.e., dynamical data constructed from J(A) and 
J(A) are isomorphic. □ 

Corollary 5.4. The above construction assigns minimal dynamical data to mini- 
mal dynamical twists. 

Proof. This is clear since Bx is simple if and only if G = -ftT. □ 

Remark 5.5. It follows from the definition of a dynamical datum that for every 
H € A* the weight subspace F^[G] can be regarded as the space of functions on G/K 
with values in Homfc(VA, Pa-/j), or, equivalently, as the space of X-homomorphisms 
from k[G] to Homfc(VA, X^a-/j), where h ^ K acts on k[G] by the right multiplication 
hy and by conjugation on IIomfe(yA, Vx-^). 

Wi th t his identification the map F,y[G]^Bx-^ ^t^l^] ~^ ^i^+mI^] defined in Propo- 



sition 3.8 is given by the composition 

^2^^ k[G] ^ k[G] ® k[G] ^ Homfe(l/A-M, Vx-^-,) <E> nomk{Vx, Vx-^) ^ 

Homfc(VA, Vx-f,-i,), 

where the first map is the comultiplication g g ® g, the second uses the above 
description of the weight subspaces, and the third is the composition of homomor- 
phisms. 
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6. Construction of a dynamical twist from dynamical datum 



We use the exchange construction that appeared m [EV| (see also pSy) to pro- 



duce a dynamical twist from a dynamical datum for {G,A). 

Given a dynamical datum {K, {V\ \ X G A*}) as in Definition 4.5 let K be the 
canonical central extension of K linearizing all V\ . Then every G- module X is also 
a i^-module on which the kernel of the extension (which is a central subgroup of 
K) acts trivially. 

Choose isomorphisms e^/i : Vx ® V^_^ = Ind^/i such that for X — fi the identity 
of EndfcVA is mapped to 1. Using the definition of dynamical datum and Frobcnius 
reciprocity for induced modules we have 

Rom^iVx, Vx-^ ® X) = RouiKiVx V^_^, X) 
(25) „ 

= llomG{lnd^fi,X)=X[fi], 



where the second isomorphism is defined by ex^ and the other two isomorphisms 
are canonical. 

Let us denote '${X,x) the homomorphism Vx — » Vx-^ X determined by x G 
X[^] through the above sequence of isomorphisms. Let Y be another G- module 
and y e ^ e A*. Then 

(26) (*(A -^I,y)^ id) o ^'(A, x):Vx^ Vx-^-u ®Y ® X 

corresponds to a unique element in {Y ® X)[^ + v]. We introduce a linear operator 
Jy,x{X) -.Y ®X ^Y ®XhY setting 

(27) (*(A-Ai,y)®id)o*(A,x) -.^ ^{X, JY.x{X){y ® x)). 

We will show that the function J(A) G fc[G] ® k[G\ defined by this equation is a 
dynamical twist for k[G\. 

Remark 6.1. Note that the above defined J(A) is related to the composition map 

Homfc(VA-^, Vx-t_i-u) ® Homfe(VA, Vx-^) Homfe(Vx, V\-^-z.), 

in the following way. Take G -pAtiC], fv G Fi,[G]. If we regard ^'(A, /^) as a 
JsT-homomorphism from k[G] to Homfe(yx, Va-^) (where h € K acts on k[G] as 
h ■ g = gh^^) then 

(28) *(A, J{X)iU ® U)) = conip(«'(A - U) ® *(A, /^)) o A, 

where A : k[G] fc[G] fc[G] is the comultiplication and comp() is the composition 
of homomorphisms (cf. Equation (p4|)). 

Lemma 6.2. J(A) has zero weight. 

Proof. For all G-modules X,Y and elements x G X[ij], y G Yli^], and a G A we 
have : 

JY.x{X){ay (g) ax) = (/i + v){a)JY,x{X){y (g) x) = (a (g) a) Jy^x(A)(y g) x), 
since Jy,x{X) maps y[i/] to (F g) X)[/i + v]. □ 



Lemma 6.3 (cf. |^lo|] ). J(A) is invertible for all A G A*. 
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Proof. We need to show that 

J(A) ■.^Y[fi-Tj]^X[X- fi]^ {Y (g)X)[X^Tj] 

is surjective for all X,r] € A*, where X, Y are G- modules. Equivalently, we need to 
prove that the composition map 

0Homj^(t/A Cg)X*, V;,)®Hom^(V;,,K,0r) ^ Hom^(V3. ® X*, V^®Y) 

is surjective. But this follows from the fact that ® F = (Bfj,Y[fi — ?]] ® as 
if-modules. Indeed, Hom^(V^, Vi, (8) F) = Y[fi — ry] by Equation ( [25| ) and V^s are 
mutually non-equivalent by Proposition ^7^. Therefore, a copy of (BfiY[^ — ?]] "Xi 
is contained inVrj^Y, and has the same dimension. □ 

Theorem 6.4. J(A) is a dynamical twist for k[G]. Moreover, two isomorphic dy- 
namical data {K, {V\ \ A G A*}) and {K\ {V^J | A G A*}) define the same gauge 
equivalence class of dynamical twists. 

Proof. We have already seen that J(A) is an invertible zero weight function, we 



need to show that it satisfies the twist properties of Definition 2.3. Let X,Y,Z 
be G- modules and x S X[fx], y G Yliy], z 6 Z[ri]. Consider the composition of 
iiT-module homomorphisms 

Vx Vx-^, (^X ^ Vx-f,-u r X -> Vx-^,-u-r| Z F X 
defined by x, y, z. The associativity law gives two different ways of factorizing it: 
(^'(A - /i, Jz,y(A - fi){z y)) id) o 5'(A, x) = 
= (*(A - A*, z) id) o *(A, Jy^xWiy x)), 
whence we have Jz®y,jf (A)( Jz,y (A - ^) id) = Jz,Y(g)x{X){id Jy.jc (A)), i.e., 

for all A. The counital properties of J(A) are clear since ^(A,£) — idy^. 

In proving the gauge equivalence of dynamical twists coming from isomorphic 
data we may assume that K — K'. Let (j)x '■ Vx ^ V^, X € A* he an isomorphism 
between two dynamical data, ^'(A, a;), ^'(A, a;) (x £ -'^^[m]) be associated homomor- 
phisms of modules, and J(A), J' (A) the dynamical twists. Define tx{X) : X X 
by the identity 

^'{X,tx{X)x) = (0A-M®id)°*(A,a;)o,^-i. 
Note that tx{X) is well defined since all (px have the same multiplier function, cf. 



Definition 4.£. Then tx{X) is a zero weight function taking invertible values and 
satisfying e{tx{X)) = 1 since tk{X) — idfc. For any y G Y[iy] we compute 

'f'{x,j{.^xcW{y^x)) = 

= (*'(A-/^,2/)0id)o*'(A,:E) 

= (0A-M-i^ ® id) ° ^'(A - /i, tviX - A*)?/) ° ^x(A)(a;)) o 

0id) o^'(A, Jy,x(A)(ty(A-^)j/0tx(A)x) o 0^ 

= ■^'{X,tY®x{X)-^JY,x{X){tY{X - tJ.)y tx{X)x)), 
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therefore Jy^xW — tv^xW ^^Y,jf (A - ^) ® tx(A)), and 

J'(A) = A(t(A))-i J(A)(t(A - h^^y) ® t(A)), 
i.e., J' (A) is a gauge transformation of J(A). □ 

Remark 6.5. One cannot canonically construct a concrete J(A) from (K, {Vx}) or 
vice versa. It is only possible to assign an equivalence class of dynamical twists to 
every {K, {Vx}) and isomorphism class of data to every J (A). 

Theorem 6.6. The maps D andT between gauge equivalence classes of twists and 
isomorphism classes data described by constructions of Section |^ and the beginning 
of this Section, respectively, 



(29) 



gauge equivalence | [ isomorphism 

classes of I — > I classes of 

dynamical twists ( , ^ | dynamical data 

J(A) : A* k[G] ® k[G] I I (K, {Vx \ X e A*}) 



are inverses of each other, i.e., define a bijective correspondence between the two 
sets involved. 

Proof. Let J(A) be a dynamical twist, {K, {Va}) be (a representative of the class 
of) dynamical data associated to J(A), and J(A) be a dynamical twist coming from 



the exchange construction for {K, {Va}). According to Remarks 5.5 and 6.1 (cf. 



Equations (24) and (|28|)) both J(A) and J(A) are determined by the map 

FAG] ®s,_„F^[G] ^F,+^[G] 

corresponding to the composition 

HomA;(VA-M, Va-p-i.) (g)Homfc(VA,VA-^) Homfe(VA, Va-^-,.). 

Comparing two G-module isomorphisms Hom/f (fc[G], Homfe(VA, Va_^)) = ^m[G] 
(the one established in Theorem |5.3| , corresponding to the construction of {Va} from 
J(A), and the one used in the exchange construction above) we get a zero weight 
function with invertible values t(A) : A* — > k[G] that implements the corresponding 
G-module automorphism 

F,[G]~^FAG]:fig)^figt{X)), geG, 

for all A, and is such that 

/. ® fM9t{X - /^) ® 5t(A)) J(A)) = ® fMg ® <?) J(A)A(t(A))), 

for all fi, e -Fi,[G], G -F)i[G]. Therefore J(A) and J(A) are gauge equivalent, i.e., 
T o D ^ id, in particular T is surjective. 

Let us show that T is also injective. Let {K, ttx : K ^ GL{Vx)) and {K, ttx : 
K GL(Va)) be two sets of dynamical data that produce dynamical twists J(A) 



and J(A) gauge equivalent to each other. By Remark 3.2 their G-algebras Bx and 
Bx are isomorphic via 

fig) ^ figtW), feBx = f^G]. 
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Also, for the corresponding bimodules F\f^ and it follows from the exchange 
construction of a dynamical twist in the beginning of this section that there are 
canonical isomorphisms of G-modules 

F^^ ^ (HomkiVx, Va-m) ® FiG])"", (resp. Fa^ - (Homfc(l/A, 14-^) ^ F[G]f), 

where K (resp. K) acts by right translations on F[G] and in a standard way on the 
Hom space, whereas g G G acts on F[G] by the left translation by and trivially 
on the first factor. 

For X = fji this implies that all the matrix blocks of B\ (resp. Bx) are canonicaly 
isomorphic to End^VA (resp. End^VA.) and form a G-homogeneous space isomorphic 
to G/K (resp. G/K). Therefore K is conjugate to K and we can assume K = K. 

Thus, we have a canonical X-algebra isomorphism ^a ■ EndfeVx ^ End^^Vx and 
so there is a projective isomorphism (px : V\ Vx such that Adipx — t\- Note that 
4>x is defined up to a scalar, therefore its multiplier function ax{g), 

T^\{g) o(t)\^ ax{g)(p\ o 7Tx{g), 

is uniquely defined. 

The gauge transformation t(X) also defines isomorphisms of simple if-equivariant 
bimodules : 

iAM : Fa^ ^ Am : fig) ^ figtiX)), 

where Fx^.,Fx^ C F^x[G], in particular, txx = t\- As it was observed above, 
isomorphisms px^ ■ Fxp, ^ Vx (S) V* and px^i ■ Fx^ — > Va 8) V* of equivariant 
_R'-bimodules are also canonical. By Schur's Lemma, for fixed A, /i we have 

for some constant C, whence replacing 0a by C4>x we get ax{g) = ct^{g), i.e., the 
system {ipx} gives an isomorphism between the dynamical data in question. □ 



Remark 6.7. In the case A = {1} Theorem 6^ recovers the result of [[Mol , EG|, 
where usual twists in k[G] (modulo gauge equivalence) were shown to be in bijec- 
tion with single irreducible projective representations of subgroups of G (modulo 
conjugation). 



Corollary 6.8. A dynamical datum is minimal, i.e., G = K, if and only if the 
corresponding dynamical twist J{X) is minimal. 

Example 6.9. Here is an example of a dynamical datum that gives rise to a non- 
minimizablc dynamical twist. 

Let f : A2 Ai he an isomorphism between two abelian subgroups of G which 
are not conjugate to one another and such that for any irreducible character A of 
Ai we have IndJ^^ A = IndJ^^ /*A. Then taking A ^ Ax, K = A2, Vx = kx, and 
tta — f*X, X G A*, we get a dynamical datum {K, {Vx}) that gives rise to a non- 
minimizable dynamical twist (since A is not contained in any subgroup conjugate 
to K). 

Below is an example of such a situation that we learned from R. Guralnick. Take 
G = Sq, the symmetric group of degree 6, and let Ai and A2 be two non-cyclic 
subgroups of order 4 with Ai moving precisely 4 points (in a single orbit) and 
A2 having three orbits of size 2, e.g., Ai = {1, (12)(34), (13)(24), (14)(23)} and 



DYNAMICAL TWISTS IN GROUP ALGEBRAS 



15 



A2 = {1, (12)(34), (34)(56), (12)(56)}. Clearly, Ai and A2 are not conjugate as 
they have orbits of different size. 

On the other hand, we have Ind^^ 1 = IndJ^^ 1 since Ai and A2 intersect each 
conjugacy class in G in the same number of elements (namely, the identity and 3 
conjugates of (12)(34)). Let Ai denote 3 non-trivial irreducible characters of Ai. 
Note that IndJl^ Ai = Ind^^ Xj since the three proper subgroups of Ai (and A2) are 
conjugate in G. Next, 

Indfi} 1 = liid% (Indfl^ 1) = Ind^^^ 1 + ^ Ind^^^ A, = Ind^^ 1 + 3 Ind^^ A, 

where A is any of Ai. We have precisely the same equation for A2, and since 
Ind^^ 1 = Ind^2 1 as noted above, this imphes that Ind^^ A = Ind^^ Z*-^- 

Example 6.10. Here we describe a general construction of dynamical data with 
K — A and compute corresponding dynamical twists in an important concrete 
situation. Let A be an abelian subgroup of G and f : A* ^ A* he a, bijection 
(which is not necessarily a group isomorphism). Suppose that for all A,/i G A* 
the character /(A) — /(/x) is conjugate to A — /x via some element g{X,ii) in the 
normalizer N{A) of A, i.e., 

(/(A) - /(M))(a) = (A - /i)(Adg(A,^)a), a e A, 

where Ad denotes the left adjoint action of G on itself. 

Take K = A, Vx = k, and tta = /(A), X€ A*. We claim that Df := {K, {Vx}) is 
a dynamical datum for {G,A). Indeed, we have Ind^(A — = Ind^(/(A) — f{p)) 
since the characters X — and /(A) — /(/x) are conjugate by g{X, fi) G G. 

Moreover, for any two bijections fi, f2 '■ A* ^ K* with the above property, the 
corresponding data Df-^ and Df^ are isomorphic if and only if /i(A) = Adg /2(A) + 
const, where g G N{A). In particular, Df is isomorphic to the trivial datum (which 
corresponds to the constant twist 1 CE5 1) if and only if it defines a minimizable twist 
if and only if /(A) = Adg A + const, g G N{A). 

Choose elements f;(A,/i) G G and let X be a G-module and x G X[fi]. Define a 
corresponding ii'-module homomorphism by 

(30) ^{X, x) : Vx-^ Vx-^ ®X : 1^1^ g{X, X - n^^x 

(note that ^(A, A - ^)"i maps X[ij] to X[f(X) ~ /(A - n)] for all A,^ G A*). 
Applying the exchange construction we obtain a dynamical twist 

J(A) = ^ g{X, X - ^ - h')g{X - fi, X - fi - iy)^^P^ (g) 

(31) M-^eA* 

g{X, X- fi- v)g{X, X - fJ^y^Pij,, 

where — jj-^ SogA* A*(fl)fl is the projection on fc[G][/i]. 

As a concrete example of such a situation consider the group G = GLn{Fp) k F^, 
where Fp is the field of p elements and A = F^ is regarded as an additive group 
on which GLn{Fp) acts by multiplication, and an arbitrary bijection f : A* —^ A* 
(note that any two non-trivial characters of A are conjugate since GLn{Fp) acts on 
(Fp")*\{0} transitively). 

We compute dynamical twist ( |3l| ) when n = 1. In this case G — F^ tx Fp, where 
Fp acts on A = Fp by multiplication (this G can be thought as the group of affine 
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transformations of the hne over Fp). Let C be a primitive pih root of unity in k 
and T : F* ^ Fp he the isomorphism given by 

A(a) = r(^)", XeA*,aGA. 

In what follows wc suppress r and identify F* and Fp. For any bijection f : Fp ^ Fp 
define elements of F^ : 



(32) 5(A,/x) 




if A 7^ ^; 
otherwise, 



conjugating A — /U and /(A) — /(/u) for all A, ii. Taking these ^(A, /x) and identifying 
J'p \{0} and i^p\{0} we get an explicit formula for a dynamical twist: 

(33) 



/(A)-/(A-M-z^) 



P\.eFf::beF, /(A-/.)-/(A-M-^) M + ^ 

^l /(A) - /(A - /X - I/) 



a 



/(A)-/(A-M) M + i' 

where the fractions with zero denominators are replaced by 1. 

7. A METHOD OF CONSTRUCTING DYNAMICAL TWISTS FOR FINITE NILPOTENT 

GROUPS 

Here we describe how to produce dynamical data from nilpotent Lie algebras 
over finite fields. Let 0° be a split semisimple Lie algebra over the field F = Fp oi p 
elements (e.g., sln{Fp)). Consider a nilpotent Lie algebra g = Q^tF[t]/t"~^^ defined 
by [xt\yP] = [x,y]t'+^ for all x,y G Q°. 

Let g = g ® F he a non-trivial 1-dimensional central extension of g defined by 

[(.T,a), {y,P)] = {[x,y],uj{x,y)), x,y € g, 

for a 2-cocycle uj : A^g F defined as follows. Let r € f)° be a regular element, set 
w{xf, yP) = Si+j^n+i{x, [r,y]), where (,) is the invariant scalar product in g (it is 
straightforward to check that w is a 2-cocycle) . 

Suppose that p is big enough so that we do not have to divide by p in the 
Campbell-Hausdorff formula 

(34) exp{x)exp{y) =exp{x + y+^[x,y] + ...), x,y eg, 

where there arc finitely many summands on the right hand side. Then G ~ expg = 
{exp(a;) \ x eg} is a finite nilpotent group. Note that {exp(a) | a e F} is a central 
subgroup of G and that the latter is a central extension of G = exp(f(). 

The Cartan decomposition of 0° = [)° ® n° ® n° yields the following decompo- 
sition of g : 

(35) 0='^©n+®n_, 

where t) = l)®F,t) = l)°tF[t]/r+^ © F, and n± = n^tF[t]/r+\ For every A e [)* 
let us define a functional € 0* by setting 

<;^A|n+en_ = 0, (l)x{h) = X{h), 4>x{a) = a, 
where /i e f), a e F. Let us denote 'b±=n±® \). 
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Lemma 7.1. b± are Lie subalgebras ofQ which are maximal isotropic subspaces 
for the alternating bilinear form 

(36) bx{x,y) ^ (l>x{[x,y]), x,y eg, \ et)*. 

Proof. It is clear from the above definitions that b± are isotropic subspaces for 
b\. Let us show that they are maximal. The dimension d of a maximal isotropic 
subspace of bx is given by 

(37) d = dimg — -rank^A = dimg — - dim Oa, 

where Ox is the orbit of the coadjoint action of g containing A. We have dimC^ = 
dim 5 — dim St ((^a) I where 

St((/)A)-{.Te'g| Ad,(/)A=0} 

is the stabilizer of (j)x- Clearly, (j C St (0a)- In order to conclude that d — dimbj- 
it suffices to show that St (0a) = f]- Note that St((/iA) is compatible with the 
Cartan decomposition of g, so it is enough to prove that n± fl St(0A) — 0. Let 
a;en+nSt(0A),wherea; = a;„t™ + a;™+it"+i + --- with a;„, 0. Let y = 
where 6 G n_ is such that (x„, [r,b]) ^ 0. Then (l)x{[x,y]) ~ uj{x,n,b) ^ 0, a. 
contradiction that shows n+ fl St(0A) = 0. One shows that n_ fl St(0A) = in a 
similar way. □ 

Let B±, N±, H, H be the subgroups of G corresponding to Lie subalgebras 
&±, ii±, f), f) of 0, respectively. Clearly, (px gives rise to the character Xx of B+ 
(or B^) : 

(38) Xx{exp{x)) = o (l)x{x), x e B±, 

where ip : F ^ is any fixed non-trivial homomorphism. The result of Kazhdan 
(Q, Proposition 2) together with Lemma 7.1 imply that 



(39) Va := Ind| Xx ^ Ind| X 



+ 



A 



is an irreducible representation of G for every A £ t)*. Since expF acts on Vx as a 
scalar defined by ip, we have a family of projective irreducible representations of G 
parameterized by t)*. Note that since uj is trivial on [) we have that H = H (BZ/pZ. 

Proposition 7.2. {Va | A G t)*} is a minimal dynamical datum for G. 

Proof. Let A,/i € [)*, y be a G-module, and kx denote a 1-dimensional i/-niodule 
determined by Xx, then we have 

Homg {Vx = Homg (Indf^ Xx Ind|_ , F ) 

^ Horn (fcA Ind|_ X-f, , Y) 
= Hom^(fcA r) = r[A - 

where the second isomorphism is a consequence of the Frobenius reciprocity and 
the third uses that Ind~ -'^aIb — Ind~"'"XA (which holds since G = B+N-, _B_ = 



HN_, and XA|Ar_ 1). Therefore, Vx ^ V* ^ Indg Xa-^ = Ind^^A-^, as 
required. □ 



18 



PAVEL ETINGOF AND DMITRI NIKSHYCH 



References 

[BBB] O. Babclon, D. Bernard, and E. Billey, A Quasi-Hopf algebra interpretation of quantum 
3-j and 6-j symbols and difference equations, Phys. Lett. B 375 (1996), no. 1-4, 89-97. 

[EG] P. Etingof, S. Gelciki, The classification of triangular semisimple and cosemisimple Hopf 
algebras over an algebraically closed field, Internat. Math. Res. Notices (2000), no. 5, 223- 
234. 

[EN] P. Etingof, D. Nilcsliych, Dynamical quantum groups at roots of 1, to appear in Dulse Math. 

J., math.qA/0003221 (2000). 
[ES] P. Etingof, O. Schiffinaini, Lectures on the dynamical Yang-Baxter equations, preprint, 

math.QA/9908064 (1999). 
[EV] P. Etingof, A. Varchenlso, Exchange dynamical quantum groups. Comm. Math. Phys. 205 

(1999), 19-52. 

[F] G. Felder, Elliptic quantum groups, Xlth International Congress of Mathematical Physics 

(1994) , 211-218, Internat. Press, Cambridge, (1995). 

[K] D. Kazhdan, Proof of Springer's hypothesis, Israel J. Math. 28 (1977), no. 4, 272-286. 

[M] S. Majid, Foundations of quantum group theory, Cambridge University Press, Cambridge, 

(1995) . 

[Mo] M. Movshcv, Twisting in group algebras of finite groups. Functional Anal. Appl. 27 (1993), 
no. 4, 240-244. 

[X] P. Xu, Triangular dynamical r-matrices and quantization, preprint, math.qA/0005006 (2000). 

Columbia University, Department of Mathematics, 2990 Broadway, New York, NY 
10027 AND MIT, Department of Mathematics, 77 Massachusetts Avenue, Cambridge, MA 
02139-4307 

MIT, Department of Mathematics, 77 Massachusetts Avenue 2-130, Cambridge, MA 
02139-4307 



